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1995 W. Bergweiler A. Eremenko [BE]
Theorem 1 If $f$ is a meromorphic function offinite order, then every indirect $singu\iota a\dot{\eta}ty$
of $f^{-1}$ is a limit of critical points.
( stronger version )
Theorem 1’ Let $f$ be a meromorphic function of finite order. Then every indirect sin-
gularity of $f^{-1}$ over $a\in\overline{\mathrm{C}}:=$ CU $\{\infty\}$ is a limit of critical points $z_{k}$ such that $f(z_{k})\neq a$ .
$\mathrm{D}\mathrm{e}\mathrm{n}\mathrm{j}\mathrm{o}\mathrm{y}- \mathrm{c}_{\mathrm{a}\mathrm{r}}1\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{n}-\mathrm{A}\mathrm{h}\mathrm{l}\mathrm{f}_{\mathrm{o}\mathrm{I}}\mathrm{s}$
:
Corollary 3 \dagger If a meromorphic function offinite order $\rho$ has only finitely many critical
values, then it has at most $2\rho$ asymptotic values.




( $f^{-1}$ Riemann – ) $\mathrm{C}$ [Ordinary points, Critical
points, (Transcendental) Singularities] $a\in\overline{\mathrm{C}}$ $D(r, a)$ $a$
$r>0$ spherical disk $r>0$ preimage $f^{-1}(D(r, a))$
$U(r)$
$r_{1}<r_{2}\Rightarrow U(r_{1})\subset U(r_{2})$
( $U:rarrow U(r)$ its germ at $0$ )
:
$\dagger_{\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}\mathrm{S}}$ , Corollaries, Lemmas equations [BE] –
\ddagger note $\mathrm{C}$
$f$ : $\mathrm{C}arrow\overline{\mathrm{C}}$
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a) $\bigcap_{r>0}U(r)=\{Z\}$ , z\in c& $a=f(_{Z})$ :
$z$ , an ordinary point $\Leftrightarrow$ $\{$
$a\in \mathrm{C}$ and $f’(z)\neq 0$ or
$a=\infty$ and $z$ , asimple pole of $f$
$z$ , a critical point over $a$
$\Leftrightarrow$ $\{$
( $a$ , a critical value)
$a\in \mathrm{C}$ and $f’(z)=0$ or
$a=\infty$ and $z$ , a multiple pole of $f$
b) $\mathrm{n}_{r>0}U(r)=\emptyset$ :
Our choice: $rarrow U(r)$ defines a transcendental singularity of $f^{-1}$ .
( asingularity $U$ over $a$ )
$U(r)\subset \mathrm{C}$ a neighborhood of the singularity $U$ :
[ $z_{k}arrow \mathrm{a}$ singularity $U\Leftrightarrow\forall\epsilon>0,$ $\exists k_{0}\mathrm{s}.\mathrm{t}$. $z_{k}\in U(\epsilon)$ for $k\geq k_{0}$ .
( transcendental singularity )
$\bullet$ $U$, a singvlarity over $a$ $\Rightarrow a$ , an asymptotic value
($i.e$ . $\exists a$ .curve $\Gamma\subset \mathrm{C}$ tending to $\infty s.t$. $\lim_{zarrow\infty,z\in\Gamma}f(z)=a$).
$\bullet$ $a$ , an asymptotic value $\Rightarrow\exists$ at least a singvlarity $U$ over a.
$||$ $||$ (a $\mathrm{d}\mathrm{i}\mathrm{r}\mathrm{e}\mathrm{C}\mathrm{t}/\mathrm{i}\mathrm{n}\mathrm{d}\mathrm{i}\mathrm{r}\mathrm{e}\mathrm{c}\mathrm{t}$ singularity) $A$ singttlarity $U$ over ais called
$\bullet$ direct $\Leftrightarrow\exists r>0$ such that $f(z)\neq a$ for $\forall z\in U(r)$ .
(Cf. $f(z)=\exp(z)$ and $a=0,$ $\infty\Rightarrow\exists$ a logarithmic singnlarity over a)
$\bullet$
$\mathrm{i}\mathrm{n}\mathrm{d}\mathrm{i}\mathrm{r}\mathrm{e}\mathrm{c}\mathrm{t}\Leftrightarrow not$ direct, $i.e$ . $ft\dot{a}kes$ the value $a$ in $U(r)$ (infinitely oflen) for $\forall r>0$ .
(Cf. $f(z)=\sin z/z$ and $a=0\Rightarrow a$ is a limit point of critical values)
$||$ $||$ (order of meromorphic functions) $\mathfrak{c}$ $f$
(order) $\rho(f)$
$\rho(f)=\lim_{rarrow}\sup_{\infty}\frac{\log T_{0(r},f)}{\log r}(\geq 0)$
$T_{0}(r, f)$ the Ahlfors-Shimizu characteristic
$T_{0}(r, f)= \int_{0}^{r}\frac{S(t,f)}{t}dt$ ,




(H) Heins’ Theorem [He, Theorem 5]
The set of direct singularities of a function inverse to a meromorphic function
is dwways countable.
(A) $\mathrm{D}\mathrm{e}_{\dot{\mathfrak{U}}^{\mathrm{O}}\mathrm{y}1\mathrm{f}\mathrm{o}\mathrm{r}}-\mathrm{C}\mathrm{a}\mathrm{r}\mathrm{l}\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{n}-\mathrm{A}\mathrm{h}\mathrm{s}$’Theorem $[\mathrm{N}, \mathrm{p}.303],$ [$\mathrm{T}\mathrm{s}\mathrm{u}$, XVIII 26]
For a meromorphic function offinite order $\rho$ , its inverse function has at most
$\max\{2\rho, 1\}$ direct singvlarities.
(D) $[\mathrm{N}, \mathrm{p}.307],$ [$\mathrm{T}\mathrm{s}\mathrm{u}$, XVIII 27]
An entire function offinite order $\rho$ has at most $2\rho$ $f\underline{inite}$ asymptotic vdues.
$\bullet$ ‘lndirect” :
(E) $\exists$ meromorphic functions of any given order $\rho\geq 0$ such that every point in $\overline{\mathrm{C}}$ is
an asymptotic value $([E])_{f}$ so the number of indirect singvlarities is infinite in
this case.
(V) $\exists$ a $meromo7phiC$ function with no critical points such that the set of asymptotic
values has the power of the continuum (as a Cantor set on the unit $circle$) $(lV])$,
and so has the set of indirect singularities.
indirect singularities –
Bergweiler- $\mathrm{E}_{\Gamma \mathrm{e}\mathrm{m}\mathrm{e}}\mathrm{n}\mathrm{k}_{\circ}$ Theorem 1
$f$ : $\mathrm{C}arrow\overline{\mathrm{C}}$ critical values $\mathrm{a}\mathrm{s}\mathrm{y}\mathrm{m}_{\mathrm{P}^{\mathrm{t}\mathrm{o}\mathrm{t}\mathrm{i}}}.\mathrm{c}$ .values
(finite) limit points sing$(f^{-1})$ $[\mathrm{B}$ ,
Theorem 7] .
Theorem A Let $f$ be a meromorphic function, and let $C=\{U_{0}, U_{1}, \ldots,.\cdot U_{p-1}\}$ be a
$pe$riodic cyde of components of the Fatou set $F(f)$ of $f$ .
$\bullet$ $IfC$ is a cycle of immediate attractive basins or Leau domains, then $U_{j}\cap \mathrm{s}\mathrm{i}\mathrm{n}\mathrm{g}(f^{-}1)\neq\emptyset$
for some $j\in\{0,1, .>. , p-1\}$ . More precisely, there exists $j\in\{0,1, \ldots, p-1\}$
such that $U_{j}\cap \mathrm{s}\mathrm{i}\mathrm{n}\mathrm{g}(f^{-}1)\neq\emptyset$ contains a point which is not preperiodic or such that $U_{j}$
contains a periodic critical point (in which case $C$ is a cyde of superattractive basins).
$\bullet$ If $C$ is a cycle of Siegel $disks:$
:
or Herman
$7^{\cdot}ings-.$’ then $\partial U_{j}\subset\overline{O^{+}(\mathrm{s}\mathrm{i}\mathrm{n}\mathrm{g}(f^{-1}))}$ for
all $j\in\{0,1, \ldots, p-1\}$ .
– F. Iversen [I], [N]
:
Theorem $\mathrm{B}$ If a transcendental $meromo7phiC$ function takes some value $a\in\overline{\mathrm{C}}finitely$
many times, then $a$ is an asymptotic value.
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3. $h^{n}$
$h^{\mathrm{o}n}$ $h$ the $n\mathrm{t}\mathrm{h}$ power the $n\mathrm{t}\mathrm{h}$
iterate ([BE]) : :
3.1 Leau domains
$c\in \mathrm{C}\backslash \{0\}$ $g(\dot{z})=z-f(\mathcal{Z})/c$ Theorem $\mathrm{A}$
Leau domains Bergweiler-Eremenko [BE]
:
Theorem 3 Let $f$ be a meromorphic function of finite order. If $f$ has infinitely many
mvltiple zeros, then $f’$ assumes every finite non-zero value infinitely oflen.
: $g$ meromorphic order finite $\zeta$ $f$
multiple zero
$g(\zeta)=\zeta$ $g’(\zeta)=1$
aLeau domain $U,$ $\zeta\in\partial U$ $U$ $g^{\mathrm{o}n}arrow$
$\zeta(narrow\infty)$ $\zeta$ domain $U$
Theorem A $U$ $g$ critical asymptotic value
sing$(f-1)$ $-$
Corollary 3 $g$ asymptotic values $g$
critical $\mathrm{p}\circ \mathrm{i}\mathrm{n}\mathrm{t}\mathrm{S}_{\text{ }}$ $f’$ $c$-points $\blacksquare$
, Theorem 3 ( ) [$\mathrm{B}\mathrm{E}|$
3.2 Attractive basins
$f(z)-a,$ $a\in \mathrm{C}$ , Newton function $N(z)=$. $z-\{f(Z)-a\}/f’(z)$ Theorem A
attractive basins $([\mathrm{T}\circ|)$ :
Theorem $\mathrm{C}$ If $f$ is meromo$7phic$ of finite order and $f”$ has only finitely many zeros,
then all but finitely many roots of $f(z)-a$ are simple for every complex number a.
Corollary 3 :
Corollary 2 If $f$ is a meromorphic function of finite order $\rho$ and $E$ is the set of its
critical values, then the number of asymptotic values of $f$ is at most $2\rho+\mathrm{c}\mathrm{a}\mathrm{r}\mathrm{d}E’$ , where





$\zeta$ , acritical point of $N(z)\Leftrightarrow\{$
$f(\zeta)=a$ or $f”(\zeta)=0$ (and $f’(\zeta)\neq 0$ );
$f’(\zeta)=0$ and $f”(\zeta)=0$ but $f(\zeta)\neq a$
$N(z)$ critical points
$f(z)$ simple a-points $S$ –
$f(z)$ $m$ a-point $\zeta$ $m=1$ $m\geq 2$ $N(z)$
super-attracting attracting fixed point Theorem A
$\zeta$ $N(z)$ singular value $m=1$.
$\zeta$ critical value critical point $f(z)$ mult.iple
$a$-points $\zeta$ $f”(()=0$ $N(z)$ asymptotic values
Corollary 2 $N(z)$
critical points 8, $N(z)$ super-attracting fixed points
, $N(z)$ $E$
$\blacksquare$





Hayman ([Hal, Corollary to Theorem 35] :
Lemma 3 Let $f$ be a transcendental meromorphic function. If $f$ has only finitely many
zeros, then $f^{(\ell)},$ $\ell\geq 1$ , assumes every finite non-zero value infinitely oflen.
$f(z)=1/(e^{z}+1)$ finite Picard exceptional values $0,1$
– $f’(z)=-e^{z}/(e^{z}+1)^{2}$ – $0$ $f^{(\ell)}(\ell\geq 2)$
Picard $0$ $0$
$\infty$ Pica $\ell\geq 2$ me$rom\circ\prime phic$
function $f$ $f^{(\ell)}$ Picard $0$ $f$
$\rho(f)$ : $f=R\exp(P)$ , $R$ rational, $P$ polynomial $([\mathrm{F}\mathrm{H}\mathrm{p}], [\mathrm{L}1])$
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Lemma 3 Hayman [BE] –
:
Theorem 2 If $f\dot{i}$ a transcendental $meromo\gamma phi_{C}$ function and $m>\ell$ are positive
integers $\hslash en(f^{m})^{(^{\ell}})$ assumes every finite non-zero value infinitdy oflen.
Theorem 3 infinite order
L. Zalcman[Zl, $\mathrm{Z}2$ ] X. Pang[Pl, P2]
:.
Lemma 4 Let $F$ be a non normal family of meromorphic functions in the unit disk $D$ ,
and $-1<k<1$ . Then there exist sequences $f_{n}\in F|’ z_{n}\in D$ and $a_{n}>0$ such that
$|z_{n}|<r<1,$ $a_{n}arrow 0$ and. . :.
$g_{n}(\zeta)=a_{n}^{-k}fn(z_{n}+a_{n}\zeta)arrow g(\zeta)$ ,
where $g$ is a non-constant meromomphic function in the plane of order at most 2, normal
type, and the convergence is uniform on compacta in Cwith respect to the spherical metric.
: step 1 $f$ finite order
$h:=(f^{m})^{(\ell-1)}$ Lemma 3 $f$
$h$ mvltiple zeros Theorem 3
.
step 2 $f$ infinite order
$f^{(\ell)}$ Picard 1
$f$ $k:=P/m,$ $(-1<k<1)$
$f_{n}(z):=2^{-kn}f(2^{n}z)$ , $1/4<|z|<2$ , $(n=1,2, \cdots)$
$F:=\{f_{n}\}$ $\{z:1/4<|z|<2\}$ normal
normal family Marty’s Theorem spherical
derivatives
$f_{n}^{\#}(z)-- \frac{|(f_{n})’(Z)|}{1+|fn(z)|^{2}}$ , $n=1,2,$ $\cdots$
$\mathrm{B}\grave{\grave{\mathrm{a}}}$ locally bounded:
$\exists M>f_{n}^{\#}(z)\geq 2^{(1-k)\#}nf(2nz)>f^{\#}(2^{n_{Z}})$ , $1/2<|z|<1$ .
$S(r, f)= \frac{\perp}{\pi}\iint_{|x}+iy|<r(f\#(x+iy))^{2}dxdy=O(r^{2})$ , $rarrow\infty$ ,
$T_{0}(r, f)=o(r^{2})(rarrow\infty)$ $f$ 2
$n$ $(f_{n}^{m})^{(\ell})(z)=(f^{m})^{(}\ell)(2^{n}z)\neq 1(1/4<|z|<1)$
$D_{0}$ annulus $\{z:1/4<|z|<2\}$ $D_{0}$ $F$ normal
Lemma 4 $(g^{m})^{()}\ell(z)\neq 1,$ $z\in \mathrm{C}$ order $\leq 2$







( A. Weitsman [Wei] ([BE]) $\text{ }$ )
Lemma 1 Let $p>3$ be an integer and $g$ be a transcendentd meromorphic function
of order less than $p-3$ . Then there exist an integer $n_{0}=n_{0}(g)$ and a sequence $R_{n}\in$
$(2^{\mathrm{P}^{n-2}},2\mathrm{p}n),$ $n\geq n_{0}$ , such that the total length of the level curves $|g(Z)|=R_{n}$ in $K_{n}=\{z$ :
$|z|\leq 2^{n}\}$ is at most $2^{pn/2}$ .




$n(2^{n},$ $\frac{1}{g-Re^{i\theta}})\leq N(2^{n+2},$ $\frac{1}{g-Re^{i\theta}})\leq T_{0}(2^{n}+2,)g+\max\{\log R, 0\}+C$ ,
$c$ $g$ –
$n(r, \cdot)$ , $N(r, \cdot)$ $([\mathrm{H}\mathrm{a}1])$ Ahlfors-Shimizu the
first fundamental theorem ( $[\mathrm{H}\mathrm{a}1$ , Theorem 14, p.12])
$\rho(g)<p-3$
(2) $p_{n}(R)$ $:=$ $\frac{1}{2\pi}\int_{0}^{2\pi}n(2^{n},$ $\frac{1}{g-Rei\theta})d\theta$
$\leq$ $T_{0}(2^{n+2}, g)+ \max\{\log R, \mathrm{o}\}+c\leq 2^{(p-\mathrm{s})\mathrm{t}+}n2)$
the length-area principle ( $[\mathrm{H}\mathrm{a}3$ , Theorem 2.1, P.29])




$\exists R_{n}\in(\alpha_{n}, \beta_{n})\mathrm{S}.\mathrm{t}$ .
$P_{n}(R_{n})^{2} \leq\frac{1}{\beta_{n}-\alpha_{n}}R_{n}p_{n}(Rn)2\pi 2^{2}2n\leq 2^{pn}$ , $n\geq n_{0}$ .
$\blacksquare$
Lemma 2 Let $p>3$ be an integer and $f$ be a meromorphic function of order less
than $p-3$ . Given $\epsilon>0$ there exists $C>0$ such that for every component $B$ of the set
$E=\{z:|f’(Z)|<C^{-1}|z|-2p\}$ we have
(3) diam $f(B)<\epsilon$ .
Here diam8 denotes the (Euclidean) diameter of a set $S\subset$ C.
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: $g=1/f’$ Lemma 1 $f$ $g$ –
([Whi]) Lemma 1 $n_{0}$
.
(4) $\sum_{n=n_{\mathrm{O}}}^{\infty}\frac{2^{np/}2+2\pi 2^{n}}{R_{n}}<\frac{\epsilon}{2}$ ,
(5) $\sum_{n=n_{0}}^{\infty}\frac{2^{n+1}}{R_{n}}<\frac{\epsilon}{2}$
$n\geq n_{0}$ $V_{n}:=\{z:|z|<2^{n}, |g(z)|>R_{n}\}$




Lemma 1 (4) .
(6) $\int_{\partial V}|g(_{Z})|^{-}1|dZ|\leq\sum_{n=n_{0}}^{\infty}\frac{2np/2+2\pi 2n}{R_{n}}<\frac{\epsilon}{2}$
$=2^{n_{\mathrm{O}}}$
$g$ poles –
$C>1$ $E=\{z:|g(z)|\geq C|z|2p\}$ .’.
$\bullet E\cap\{z:|z|=2n0\}=\emptyset$ ;
$\bullet$ $\{z:|z|<2^{n0}\}$ $E$ component $B$ (3)
$E\cap\{z$ : $|z|\geq 2^{n_{0}}\}\subset V$
$z\in E,$ $|z|\geq 2^{n_{0}}$ $2^{n-1}\leq|z|<2^{n}$ $n\geq n_{0}$
$|g(z)1>c1z|^{2\mathrm{p}}\geq|z|^{2p}\geq 2^{2p(n-}1)\geq$ $z\in V_{n}\subset V$
$V$ components $E$ acomponent $B\subset$ { $z$ :I $>2^{n_{0}}$ }
$D$
$z_{1},$ $z_{2}\in B$ $L$
$L\subset D$ $\gamma:=L$ $L\not\subset D$ acurve $\gamma$ : $a,$ $b\in\partial D$
$[a, b]\subset L$ $(a, b)\subset \mathrm{C}\backslash D$ $a$ $b$ $\partial D$ a
bounded arc $(a, b)$ $L\backslash D$
– $z_{1}$ $z_{2}$ asimple curve $\gamma$ $\gamma$ $D$
$L$ $2^{n-1}\leq|z|\leq 2^{n}$ union $\ovalbox{\tt\small REJECT}$
$z\in T_{n}$ $|g(z)|\geq$ (5) (6)
$|f(\mathcal{Z}_{1})-f(Z2)|$ $\leq$ $\int_{\gamma}|g(_{Z})|^{-1}|dz|<\frac{\epsilon}{2}+\sum_{n=n0}^{\infty}\int_{\tau}n||g(z)|^{-}1|d\mathcal{Z}$
$\leq$ $\frac{\epsilon}{2}+\sum_{n=n\mathrm{o}}\infty\frac{2^{n+1}}{R_{n}}<\epsilon$
components $B$ (3) I
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4.1 Theorem 1 Theorem 1’
$f$ an $\mathrm{i}\mathrm{n}\mathrm{d}$.irect singularity $U$ over $a$
: $\exists r>0\mathrm{s}.\mathrm{t}$ . $V:=U(r)\backslash f^{-1}(a)$ contains no critical points. (\S 2
$(\mathrm{A}))\mathrm{D}\mathrm{e}\mathrm{n}\mathrm{j}\mathrm{o}\mathrm{y}-\mathrm{c}\mathrm{a}\mathrm{r}\mathrm{l}\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{n}- \mathrm{A}\mathrm{h}\mathrm{l}\mathrm{f}_{0}\mathrm{r}\mathrm{S}$’Theorem $A:=D(r, a)\backslash \{a\}$ direct
singularities
(1) $f$ : $Varrow A$
an asymptotic value $a’\in A$ (7) covering
A $\mathbb{Z}$ $V$ $\mathbb{Z}$ trivial
$V$ degenerate annulus $a$ $U(r)$ asymptotic value
(7) $f$ : $U(r)arrow A$ universal covering
$U$ an indirect singularity over $a$
asymptotic value $a’\in A$
(indirect) singularity $.U’$ $U’(r’)\subset V$ Theorem 1
critical points $z_{k}\in U(r)$ $f(z_{k})\neq a$ $\blacksquare$
4.2 Corollaries
:
Corollary 1 If $f$ is a meromorphic function offinite order and $a$ is an asymptotic value
of $f$ , then $a$ is a limit of criticd values $a_{k}\neq a$ or all singularities of $f^{-1}$ over $a$ are
logarithmic.
: asingularity $U$ over $a$ indirect Theorem 1’ $a_{k}arrow a$
critical values $a_{k}\neq a$ $U$ direct singularity Theorem 1’
$f$ : $Varrow A=D(r, a)\backslash \{a\}$ covering
$V$ $\mathbb{Z}$ $U$ logarithmic singularity over $a$
trivial $f$ : $U(r)arrow A$ universal covering
$\blacksquare$
Corollary 2(\S 3.2) ( Corollary 3(\S 1) )
Corollary 2 : an asymptotic value $\mathrm{a}\in\in \mathrm{C}\text{ }$ $a\not\in E’$ Corollary 1
$\exists$ logarithmic singularity over $a$ $f$ order $\rho$ 1/2
$(\Leftrightarrow 2\rho\geq 1)$ $\mathrm{D}\mathrm{e}\mathrm{n}\mathrm{j}\mathrm{o}\mathrm{y}- \mathrm{c}\mathrm{a}\mathrm{r}\mathrm{l}\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{n}-\mathrm{A}\mathrm{h}\mathrm{l}\mathrm{f}_{0}\mathrm{r}\mathrm{S}$’Theorem (A) direct singularities
$2\rho$ - $\rho<1/2$ logarithmic
singularity $\exists$ logarithmic singularity over $a\in\overline{\mathrm{C}}$ , $f$ : $U(r)arrow$
$D(r, a)\backslash \{a\}$ universal covering $U(r)$
$a=\infty$
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$\exists R>0$ $\mathrm{s}.\mathrm{t}$ . $\{$ $R<|f(Z)|<\infty$ for
$z\in U(r)$ ;
$|f(\mathcal{Z})|=R$ for $z\in\partial U(r)$
$u(z):=\{$
$\log(|f(z)|/R)$ for $z\in U(r)$
$0$ for $\mathrm{C}\backslash U(r)$
$u(z)$ $\mathrm{C}$ subharmonic $u$ $\partial U(r)$
Wiman’s theorem Theorem 1
$\not\subset \mathrm{t}\mathrm{h}\mathrm{e}$ subharmonic version of the $\mathrm{D}\mathrm{e}\mathrm{n}\mathrm{j}\mathrm{o}\mathrm{y}- \mathrm{c}\mathrm{a}\mathrm{r}\mathrm{l}\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{n}$-Ahlfors theorem ([$\mathrm{H}\mathrm{a}2$ , Theorem 8.9,




$a$ an asymptotic value, $U$ an indirect singularity
over $a$ $>0$ $U(R_{0})$ critical points $0\not\in U(R_{0})$
$a=0$ – objects
:
$\bullet$ $\{a_{n}\}$ , a sequence of asymptotic values $\mathrm{s}.\mathrm{t}$ . $R_{0}/2>|a_{1}|>|a_{2}|>\cdots$ ;
$\bullet$ $\{G_{n}\}$ , asequence of disjoint simply connected domains $\subset U(r_{0}/2)\mathrm{s}.\mathrm{t}$ . $f$ is univalent
in $G_{n},$ $D_{n}--f(G_{n})$ is adisk, $0\not\in\overline{D_{n}}$ ;
$\bullet$ $\{\Gamma_{n}\}$ , a sequence of asymptotic curv\’e, $\Gamma_{n}\subset G_{n},$ $\mathrm{s}.\mathrm{t}$ . $f(\Gamma_{n})$ is a straight line segment,
$\lim_{zarrow\infty,z\in \mathrm{r}}fn(_{\mathcal{Z}})=a_{n}$.
Y $\forall k<n$ $a_{k},$ $G_{k},$ $\Gamma_{k}$ :
i) $R_{n}>0$ $R_{n}<|a_{n-1}|$ ( $n=1$ $R_{1}<R_{0}/2$ ) $U(R_{n})\cap G_{k}=\emptyset$
$(\forall k<n)$ ( $0\not\in\overline{D_{k}}=\overline{f(G_{k})}$ ) $a=0$
$f(z_{n})--0$ $z_{n}\in U(R_{n})$ $f’(Z_{n})\neq 0$ $f^{-1}$
branch $\varphi$





$U(R_{n})$ $z_{n}$ component $A=U(R_{n})$ $f$ $U(R_{n})$
univalent
$\varphi$ singular points $a_{n}:=r_{n}eis_{n}$ $|a_{n}|=r_{n}<R_{n}<|a_{n-1}|<$
$...<R_{0}/2$
ii)
$D_{n}:=\{w$ : $|w- \frac{2r_{n}}{3}e^{is_{n}}|<\frac{r_{n}}{3}\}$
$\varphi$
$\overline{D_{n}}\backslash \{a_{n}\}$ holomorphic $0\not\in\overline{D_{n}}$
$G_{n}:=\varphi(D_{n})$ $G_{n}$ $\mathrm{C}$





$\wedge\cdot-$ 2 $)$ $-$
$L_{n}:=\{w=te^{is_{n}}$ : $\frac{A}{3}r_{n}\leq t<r_{n}\}\subset D_{n}$
$\Gamma_{n}=\varphi(L_{n})$
$\{a_{n}\},$ $\{G_{n}\},$ $\{\Gamma\}$
$f(z)arrow n,$ $z\in\Gamma_{n}$ :
CLAIM: For all $n$ with at most $4p+2$ exceptions,
(10) $\lim_{zarrow\infty},$ $\inf_{z\in \mathrm{r}_{n}}|f(z)-a_{n}||z|^{2p}+1=0$ .
( $p>3$ $\rho(f)<p-3$ )
the Ahlfors distortion theorem (cf. [Tsu, XVIII. 24]) $f$ : $G_{n}arrow D_{n}$
:
CLAIM: For every $n,$ $\exists$ asequence $z_{n,j}\in\Gamma,$ $z_{n,j}arrow\infty,$ $s.t$.
(12) $|f’(Z_{n,j})|\leq|z_{n,j}|^{-21}p-$ .
$\epsilon=\frac{1}{4}\min\{|a_{i}-a_{j}|$ : $1\leq i<:j\leq 2p\}$
$\epsilon<R_{0}/8$ Lemma 2 $\epsilon$ $C>0$
$z_{n}=z_{n}*,j(n)$
(13) $|z_{n}.|*\geq C$ & $|f(z_{n}.)*-an|<\mathcal{E}$ , $1\leq n\leq 2p$ ,
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(14) $|f(z_{n})*-f(z_{k^{*}})|>2\epsilon$ , $1\leq n<k\leq 2p$ ,
(15) $|f(z_{n})*|+ \epsilon<\frac{3}{4}R_{0}$ , $1\leq n\leq 2p$
(12) (13)
(16) $|f’(_{Z_{n}}*)|<C^{-1}|_{\mathcal{Z}}n|*-2p$ , $1\leq n\leq 2p$
$\{z : |f’(z)|<. c^{-1}|Z|^{-2_{\mathrm{P}}}\}$ components $z_{n}*$ $B_{n}$
Lemma 2
(17) diam $f(B_{n})<\epsilon$ , $1\leq n\leq 2p$
(15) $f(B_{n})\subset\{w:|w|<3R_{0}/4\}$ $U(R_{0})$ $U(R_{0})$ Bn\ni zn*
$f^{-1}(\{w:|w|<R_{0}\})$ component
(18) $\overline{B_{n}}\subset U(R_{0})$ , $1\leq n\leq 2p$
(14) (17) $\{B_{n}\}$ disjoint
$u(z):=-\log|f’(Z)|-2p\log|Z|-\log C$
$U(R_{0})$ subharmonic $\{B_{n}\}$ $\{z\in U(R\mathrm{o}) : u(z)>0\}$
components – $z\in\partial B_{n}$ $u(z)=0$ Corollary 2
the subharmonic version of $\mathrm{D}\mathrm{e}\mathrm{n}\mathrm{j}\mathrm{o}\mathrm{y}- \mathrm{C}\mathrm{a}\mathrm{r}\mathrm{l}\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{n}$-Ahlfors theorem
$p\leq\rho(u)\leq\rho(f’)=\rho(f)<p-3$
$\blacksquare$
[B] W. Bergweiler, Iteration of meromorphic functions, Bvll. Amer. Math. Soc. 29 (1993),
151-188.
$\mathrm{L}^{\mathrm{B}\mathrm{E}]}\lceil$ W. Bergweiler and A. Eremenko, On the singularities of the inverse of a meromorphic
function of finite order, Rev. Mat. Iberoamericana 11 (1995), 355-373.
[E] A. Eremenko, The set of asymptotic values of a meromorphic function of finite order,
Math. Notes 24 (1979), 914-916.
[FHP] G. Frank, W. Hennekemper, and G. Polloczek, \"Uber die Nullstellen meromorpher
Funktionen und deren Ableitungen, Math. Ann. 225 (1977), 145-154.
78
[Hal] W. K. Hayman, Meromorphic functions, Clarendon Press, Oxford, 1964.
[Ha2] W. K. Hayman, Subharmonic functions, Vol. 2. Academic Press, 1989.
[Ha3] W. K. Hayman, Multivdent functions, 2nd edition, Cambridge, 1994.
[He] M. Heins, Asymptotic spots of entire and meromorphic functions, Ann. of Math. 66
(1957), 430-439.
[I] F. Iversen, Recherches sur les fonctions inverses des fonctions m\’eromorphes. Th\‘ese,
Helsingfors, 1914.
[L1] J. K. Langley, Proof of a conjecture of Hayman concerning $f$ and $f”$ , J. London Math.
Soc. (2) 48 (1993) 500-514.
[L2] J. K. Langley, On the zeros of the second derivative, Preprint
[N] R. Nevanlinna, Analytic functions, Springer-Verlag, 1970.
[P1] X. Pang, Bloch’s principle and normal criterion, Science in China 32 (1989), 782-791.
[P2] X. Pang, On normal criterion of meromorphic functions, Science in China 33 (1990),
521-527.
[To] K. Tohge, Meromorphic functions which share the value zero with their first two
derivatives, II, XVIffi Rolf Nevanlinna Colloquium, Proceedings of ffie Intemational
Conference held in Joensuu, Finland, August $\mathit{1}- \mathit{5}_{f}$ 1995, Editors: I. Laine-O. Martio,
de Gruyter, 1996, 269-278.
[Tsu] , , 1968
[V] $\mathrm{L}.\mathrm{I}$ . Volkovyskii, Research on the Type Problem of a Simply Connected Riemann
Surface, Proc. Steklov Math. Inst., Acad. Sci. USSR. 34, 1950.
[Wei] A. Weitsman, A theorem on Nevanlinna deficiencies, Acta Math. 128 (1972), 41-52.
[Whi] $\mathrm{J}.\mathrm{M}$ . Whittaker, The order of the derivative of a meromorphic function, J. London
Math. Soc. 11 (1936), 82-87.
[Z1] L. Zalcman, A heuristic principle in complex function theory, Amer. Math. Monthly
82 (1975), 813-817.
[Z2] L. Zalcman, Normal families revisited, in Complex Analysis and related topics, J.
Wiegerinck, ed., Univ. of Amsterdam, 1993, 149-164.
79
